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1 Introduction 

In the context of holographic approaches flT] |2l [3] to gravitational theories, 2 + 1 dimen- 
sional models play a prominent role because there is detailed quantitative understanding 
both of the bulk theories and of their two dimensional dual. 

For the particular case of three dimensional gravity, the Chern-Simons formulation 
flU El can be used to good effect. Indeed, the dual theory on closed spatial sections is 
obtained simply by solving the constraints inside the Chern-Simons action j6l|7l[8]| giving 
rise to a (chiral) Wess-Zumino-Witten model lHJ. Unlike in most conformal field theory 
considerations, the relevant groups in applications to gravity are non-compact or non 
semi-simple, that is SO (2, 2) in the AdS case and ISO [2, 1) in the flat case. Furthermore, 
the spatial section is a plane and the choice of boundary conditions plays a crucial role in 
determining the dual theory. 

In the AdS case, these questions have been addressed in |[T0l (see also ifTTl [T2l [P3l 
[H] [15l[T6l for related considerations). In particular, the chiral decomposition so (2, 2) = 
s[(2, R) sl(2, R) allows one to apply standard techniques for semi-simple algebras in 
each sector. The first stage of the reduction then involves a formulation in terms of de- 
coupled chiral models IfTTl [T8l |T9l l20l that combine into a standard Wess-Zumino-Witten 
model in a well-understood way (see e.g. [|2T]|22l|23l). In a second stage, the gravitational 
boundary conditions allow for a further simplification by implementing a standard Hamil- 
tonian reduction from the SL(2, R) Wess-Zumino model to Liouville theory [|24ll25l 26]. 

The main purpose of the present paper is to construct the dual theory for three di- 
mensional asymptotically flat gravity at null infinity and to establish its connection with 
the AdS results. Apart from shedding light on details of holography in backgrounds that 
are not AdS, such a dual theory is liable to play a role as a toy model for cosmological 
scenarios (see e.g. Il27l and references therein) due to the existence of time-dependent 
cosmological solutions in this context [|28l . 

Not surprisingly, a detailed analysis of the Chern-Simons to Wess-Zumino-Witten re- 
duction for the Poincare algebra iso(2, 1) does exist [29J. We will however have to adjust 
the analysis to the case at hand. Indeed, for our purpose, it will be more convenient to 
work with the spinor rather than the vector representation of so (2,1) in order to con- 
nect AdS and flat space results. Furthermore, the boundary conditions that have been 
used are not directly related to those of asymptotically flat spacetimes at null infinity. 
Implementing the appropriate boundary conditions modifies the resulting chiral Wess- 
Zumino-Witten model and is important in order to have as rich a dynamics in the flat as 
in the AdS case 11301 [3TTl with a direct connection between the two asymptotic regimes 
[28J (see also 113210 . In turn, this is crucial in order to repeat the semi-classical arguments 
for a microscopic explanation of the BTZ black hole entropy [1331 of the corresponding 
asymptotically flat cosmological solutions Il3"4ll35l . 
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As for other non semi-simple algebras (see e.g. [|36l ). the chiral Wess-Zumino-Witten 
like model for tso(2, 1) admits a globally well-defined two-dimensional action. The cen- 
tral extension in the associated current algebra affects the brackets between rotation and 
translations generators. In this case, the Hamiltonian reduction of the model gives rise to 
a BMS3 invariant Liouville type theory that is discussed in more detail in the companion 
paper fl37]. 

The paper is organized as follows. Instead of using asymptotic conditions, we con- 
sider instead a suitable gauge fixed form of the metric. This is not the more standard 
Fefferman-Graham form in the AdS case, but rather a BMS type gauge that allows for a 
parallel treatment of both the AdS and the flat case. After quickly reviewing the general 
solution to the three-dimensional Einstein's equations, we provide in section |2] explicit 
expressions for the associated dreibeins and spin connections. 

Section |3] is devoted to constructing the associated group elements. The field corre- 
sponding to the Cartan generator of sl(2, R) can then be related to a standard Liouville 
field in the AdS case and a BMS Liouville field in the flat case. In particular, the overall 
normalization that has been left unspecified in [|37l can be fixed at this stage. The limit 
relating the group elements of the AdS to the flat case is provided and shows how the 
explicit time dependence emerges from this point of view. 

The remainder of the work consists in deriving the equations for the group elements 
on the level of action principles. In a first step in section 31 suitable boundary terms are 
added to the Chern-Simons action in order to make the variational problem well-defined 
for the gravitational solutions that we are interested in. In terms of vielbeins and spin 
connections, this step can be done in parallel for both AdS and flat space with an obvious 
limit. 

In Section \5\ and the associated appendix, we first briefly recall results on the Chern- 
Simons to WZW reduction for the AdS case, in particular how the reduction gives rise 
in a first step to chiral sl(2, R) WZW models. We then review the structure of these 
models from the point of view of constrained Hamiltonian systems, including their current 
algebras and classical conformal invariance. These steps can then be directly generalized 
to the flat case, where an appropriate chiral iso(2, 1) WZW model is constructed. Its 
general solution involves a linear time-dependence and the iso(2, 1) current algebra is 
constructed in terms of Dirac brackets. BMS3 invariance of the model is established in 
terms of the current algebra along standard lines. Finally, we show how to obtain the 
chiral iso(2, 1) WZW like model as a flat limit limit of two chiral sl(2, R) models. 

In the last section|6l the Hamiltonian reduction is implemented. In the AdS case, they 
reduce the chiral models sl(2, R) WZW models to free chiral bosons that combine into 
Liouville theory in a standard way. In the flat case, a free first order action principle is 
obtained that is related to the BMS3 Liouville theory in a similar way. 
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In order to emphasize novel aspects, conventions, notations and intermediate formulae 
that are relevant only to follow the details of the computations are mostly relegated to the 
appendix. 

In all the analysis, we have concentrated for simplicity on the boundary at future 
null infinity. This corresponds to analysing Chern-Simons theory with a spatial section 
that is a disk. In a more complete analysis, other boundaries, sources in the interior 
and holonomies can and should be taken into account by following the arguments in 

EES EH. 

Obvious generalizations of the present work consist in including in the starting point 
Chem-Simons formulation the exotic term, i.e., the Chern-Simons terms for the spin- 
connection [5]. The inclusion of this term can be entirely captured through an extension 
of the invariant metric that does not affect equations of motion or constraints, but suitably 
modifies the current algebras. A related generalization consists in repeating the analysis 
for topologically massive gravity [|40ll4Tl . 

We have limited ourselves to the classical theory, but it should obviously be interesting 
to consider quantum aspects of the iso(2, 1) chiral Wess-Zumino theory and investigate 
for instance to what extent the general analysis of [14211431 applies. These questions will 
be addressed elsewhere. 



2 BMS gauge, fall-off conditions and general solution 

The BMS gauge consists in using the diffeomorphisms to put the metric in the form 

ds 2 = e 2 Pjdu 2 - le^dudr + r 2 {d<p - Udu) 1 , (2.1) 

in terms of three arbitrary functions f>, V, U. Here r is a radial coordinate restricted to 
r £ [f, oo), u is a null coordinate, while <p € [0, 2n] is an angular coordinate. Associated 
dreibeins e a such that ds 1 = 2e°e 1 + (e 2 ) 2 can be chosen as 

e° = -{e 2 ?— + r 2 U 2 )du - e^dr - r 2 Ud<p, e 1 = du, e 2 = rd<p. (2.2) 

When imposing the fall-off conditions /3 = oil) = U, the Einstein equations can be 
solved exactly. They imply in particular the stronger fall- off conditions 

j = -^ + 0{l), i 6 = 0(r- 1 ) / U = 0{r- 2 ), (2.3) 

that can be used to complete the definitions of asymptotically anti-de Sitter or flat space- 
times in BMS gauge. In the flat case, the limit / — > oo is understood so that y = 0(1). 
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The exact solution is given by 

-2 



ds 2 = ^- ^2 + M^j du 2 - Idudr + 2Af dudcp + r 2 d(p 2 , (2.4) 
where d r M = = d r J\f and 

d u M = ^dcpN, 2d u M = d<pM. (2.5) 

The general solution to these equations is 

•M = 2(S ++ + E — ), A/" = Z(S ++ -S__), (2.6) 

with E±± = E±±(x ± ), in the AdS case and 

M = 0, AT = S + |fy©, (2.7) 

with = 0(</>) and S = E(<£) in the flat case. In terms of the arbitrary functions, the 
conserved charges in the AdS case associated to £ = Y + d + + Y~9_, Y ± = Y ± (x ± ), 
are given by 

I f 2n 

Qy± = 8^g/o #( y+S ++ + Y " S — )> ( 2 - 8 ) 
if normalized with respect to the M = = / BTZ black hole. In the flat case, they are 
associated to £ = (T + kY')3« + Yd<p, T = T{<p),Y = Y(<p) and given by 

when normalized with respect to the null orbifold. 

In the first order formalism, the equations of motion are 



dco + co 2 + -j^e 2 = 0, de + coe + eco = 0. 

Associated dreibeins and spin connections are given by 
1 r 2 

e° = ~ M)du — dr + Afd(p e 1 = du, e 2 = rdcp, 



(2.10) 



J\f 1 T 2 T 

co° = -p-du — — M)d(p, co 1 = dcp, co 2 = ^ 



(2.11) 



du. 



In particular, we note that for the gravitational solutions that we are interested in 

a;$ = 4, K = ^, cv a r =0, 5e a r =Q = d (p e a r = d u e a r . (2.12) 

Note that for flat space, these expressions simplify as all terms proportional to negative 
powers of I vanish. 
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The results for AdS and flat space can be related through a modified Penrose limit by 
translating the metric results of [|28l to first order form. First, one introduces a dependence 
on a dimensionless parameter e > in the arbitrary functions E±± of the AdS results 
giving rise to e dependent vielbeins and spin connections e^ £ \ co^ . If, after the rescalings 
(u,(p,r;e^ £ \co^) — > (eu,er ',0;e~M e ) ,to^), the limit is well-defined it can be shown 
to be a solution to the flat space equations. This is the case if the e dependence^ in E^ £] 
is such that 

s£l(x;e) = |©(±*) ± J s (±*) + °( e2 )' ( 2 - 13 ) 
so that, when taking (12.61) into account, 

Km M^(eu,(p) = ®(<b), lim <rW (e) (eu, d>) = E(cp) + ~3*0(*). (2.14) 

e-s-0 " e->0 2 

In the AdS case, the chiral Chern-Simons connections are given on-shell by 

A±= | if ± ^(f+(f-f ±± )^,|. (2 , 5 ) 

in matrix form. They satisfy 

A| a = 0, A± 1 = = Af 2 , = = d F A±°. (2.16) 

Let us briefly compare to the formulation in the more standard Fefferman-Graham gauge. 
In this case, the general solution is 

I 2 I 2 _ I 2 
ds 2 = -^dr 2 — (rdx + E dx~)(rdx~ E ++ dx + ), (2.17) 

where now x 1 * 1 = I ± cp with a standard time-like coordinate t and a different radial 
coordinate r. Associated dreibeins e a and spin connections co a are 

n f 1 — ^ i— . t+1 ^ t -+- ? _ ,_9 
e = H — — L^ ++ ax , e = — =a:r —a dx ,e = -dr, 

V2 V2r V2 V2r r (2 lg) 

a; = — H ^E ++ dx + .to 1 = —^dx + H ^E dx~,co 2 = 0. 

In this gauge as well, conditions (12.121) hold. The corresponding chiral Chern Simons 
connections are 



'When explicitly comparing to l28l one has to take into account the different normalization of the 
charges and the associated constant shifts of the functions E±±, M, 0. 
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In particular, these connections satisfy (i) A'Z = = A + and (ii) d± A^ 1 = = d±A_°, 

-4-0 

A± = for all values of r, and thus in particular asymptotically, respectively to leading 
order, which are the conditions used at spatial infinity in [flOl . 

When comparing with (|2.15l) . we see that (i) is valid in both gauges, while (ii) is 
changed to d+A+° = 2E' ++ , d-AZ° = -2S'__, d±A\ l = = d±AZ l and A^ 2 = 
in the BMS gauge. 



3 On-shell group elements 

It is instructive at this stage to exhibit the group elements that yield the flat connections 
discussed in the previous section. The general solution to dA + A 2 = is locally given 
by A = G~ 1 dG. 

In the AdS case, we deduce from = and d±Af = = 9=pA^ that A ± = 
G± 1 dG± where G± factorizes as G± = g±(u,(p)h±(r). 

In Fefferman-Graham gauge, the explicit form of the chiral connections then leads to 

G±=g±e ±1 2^ r i H , (3.1) 

with 

g+ 1 d+g+ = S++E+ + E_, d-g+ = 0, 
gZ 1 d-g- = E+ + E— E-, d+g-=0. 
When using the Gauss parametrization 

g± = e ^ e \T<P±H e T ± E ±/ (3 3) 

this implies d T a± = d T T± = d T cp± = and 

1 1 

d±cr± = e v± , T±d±cr± = --d±e v± , d±T± - -T±d±q>± = S±±, (3.4) 

or, equivalently, in Riccatti form 

d±T± + tI= S±±, d±q>± = -2t±, d±(T± = e^. (3.5) 

When substituting the second in the first equation, one recognizes the characteristic ex- 
pression for the energy-momentum tensor of a Liouville field, 

11 1 

S±± = ^(9±<p±) 2 - 2 9 ±<P± = 9 ± T ± + T ± = ~2{ a ±' x± }' ( 3 - 6 ) 

where {F;x} = yi- — jjprjr = (lrtF')" — j((\nF')') 2 denotes the Schwarzian deriva- 
tive. More precisely, consider a Liouville field cpi with action 

S = J dud<p(ncp L - \n 2 - ±cp' L 2 - Ae^). (3 .7) 
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It gives rise to the same relation (see e.g. equations (4.3), (4.5), (4.11) of B7l for details) 
provided that the first of (l3~4l > holds, that! 

and 

7 2 I 2 = 32tzG. (3.9) 

For later use, let us point out that, off-shell, equation (13.81 ) together with an associated 
change of variables for the momenta, 

16 

7<Pl = <p+ + <p--21n(£7+-£7-_) + ln- 5 - / 

, / ¥ (3-10) 

7T =— </+-</_- 2^ ), 

7/ v ^ cr + - U- ' 

where cr'± = ie^, is the change of variables that allows to write the Liouville action 
(13.71) in terms of decoupled chiral bosons, 



1 f r 11 



(3.11) 



7 2 l 

In BMS gauge, one finds 

G± = f±(u /( p)e^. (3.12) 

with 



/^ 1 a±/± = ±\/2E±±E + ±-^E_ / a T /± = o. 



(3.13) 



In this case, the parametrization 

f± = e ± ^ E - e -y±H e ±V2r ± E+^ (3 14) 

leads to the same equations (13.41) or (13.51 ) as in Fefferman-Graham gauge. 



Finally, in the flat case, we start by solving dco + lev 2 = 0. Since all r and u depen- 



dence drops out of (12.111) and 

1 1 

03 = — r Qd(pE + + —dcpE-, (3.15) 
2y2 V2 

we have 03 = A _1 dA where A = A(cp). The parametrization 

A = e 7i E - e -yH e V2rE + (316) 



2 Note that c +; cr_ are denoted by A, B in section 4.1 of [37]. 



10 



G. Barnich, H. Gonzalez 



then leads to 



a> = e^ r( / = A (p ' e 'P / T '-^ T(p ' = ^ &/ (3.17) 



or, again, in Riccatti form 



t' + t 2 = -0, <p' = -It, a' = e?. (3.18) 



In this case, we have 



i® = \v' 2 ~ \v" = t' + t 2 = -\{cr;cp}. (3.19) 

The equation de + coe + eco = is locally solved by e = A _1 daA. With 

e = [l-Qdu -dr+(E + ^-d^dtp] -J=E + + \rd<pH + du^=E_, (3.20) 
2 2 y/2 2 y2 

the ansatz 

:AE + A _1 + wB^AA -1 + a((p), 



V2 



^) = JLE + + 6 -H + j=E-, 



then leads to the system 



(3.21) 



a 2 

Tj = e-tE, 6' = -ae'VE, £ = -—e'^E, (3.22) 

which can be trivially integrated. 

Let us compare with a BMS Liouville field 11371 with action 

S = J dudcp(n<S> - 1<D /2 - e* 5 *). (3-23) 

Taking into account the expression for the energy density of this field leads to the relation 

eP* = 1(^)2, (3.24) 
v a 

where the first of (|3 . 1 Vb holds, by using^l the first of equations (4.29) and (4.30) of lf37l . 
From (4.22) of Wl and (l2~9l . we then get 

/S 2 = 32/rG. (3.25) 

Off- shell, the change of variables from <1>, n to cp, £ given by 

4 

BO = 2fl>-21ntr + ln- / 

r r v (3.26) 



The function cr is denoted by B in section 4.3 of [37]. 
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where a' = maps the BMS Liouville action (13.231) to 



S = -tj j dudcp £ (p — cp 



J2 



(3.27) 



We are now in a position to discuss the flat limit. On the level of the Liouville action 
077b . let 



cp L = e 2/d?, 7T = eh 1 n, 
7 = eh' 1 ^, ji = l~ 2 v. 



(3.28) 



After rescaling u —> eu, the limit e — > of (|3.7I) then gives rise to the BMS Liouville 
action (I3T23T) . 

(e) 

On the level of solutions, consider the group element f± ' (x; e) determined through 

(13.131) where E±± is replaced by E±4: with an expansion as in (12.131) . A parametrization 

f~\ /„\ 

like in (13.141) with e dependent fields cr± , q>± , T± now gives rise to equations (13.51) . 
(1376b in terms of e dependent fields. Compatibility with (13.181 ). (13.191) . (13.221 ) then leads 
to 



r±(x;e) = ±t{±x) ±er ( ti(±x) + 0{e 2 ), It (1) = )-fr\, 
cp±{x;e) = <p(±x) + ecp {1) (±x) + 0(e 2 ), lcp w = -6 - tja, 
a±{x;e) = ±a{±x) ±ea ( - 1 \±x) + 0(e 2 ), Icr^ = £ - 9a - \r\<p-. 



(3.29) 



For the chiral groups elements we find 

f±(x;e)= [A(l + ^)](±x)+0(e 2 ), 
with A parametrized as in (13.161 ) and 



(3.30) 



^ = ^c-^(E_ - V^tH - 2t 2 E + ) + V2 ( r« - T<p«) E + - i^H. (3.31) 
This gives 

/± 1 (x;e)a/±(x;e) = ± [a'^A + y (3&± + [A _1 aA,&±])] (±x) + 0{e 2 ), (3.32) 



According to the discussion on the flat limit in Section |2l one defines 



Gl=f ± ( e -^±cp;e)e^ E+ , 



(3.33) 



and computes 



a> = lim^ {G%~ l dG% + GL^dGL), e = \hn^{G £ + ~ l dG% - Gl _1 rfGl). (3.34) 
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This reproduces the flat space results discussed previously, that is <x> = A 1 dA with 
A = A((p) and e = A _1 daA with a given by 

a = — ^AE+A" 1 + udcpAA- 1 + ^A(&+ + &_)A" 1 / (3.35) 
V2 2 

by taking into account that \ (b+ + &-) = A _1 aA. 



4 Improved action principle 



Neglecting again boundary terms and using A = duA u + A, d = dud u + d, the Chern- 
Simons action can directly be written in Hamiltonian form, 



S[A] 



2n 

1 «r 



dudrdtp ie l] co a j 9 M eJ — H), 



Ye = ^e X] W) - 9 /< + e abc {vibej c ~ co jb e ic )}, 
1 1 



(4.1) 



where the Hamiltonian density is a combination of constraints, Ti = euaTco + ^uaJe ant ^ 
where x l = r,cp with e^' determined by e 12 = — 1. 

At this stage, we have to discuss boundary terms. On shell, 



5 [eV(v ai d u e a j -U) = -d t (e l ){e m 6cv<j + co M S^)) + d u \e^oo M 5e)) . (4.2) 
It follows that 



5 \ dudrdtp (e 1] co a i d u e a j — % 



dudcp e ua Sco a p + co ua Se^ 



r=oo 
r=r 



dudr 



5co a r + co ua 5e l 



a 



--In 



4>=o 



drdtp (OgfSefy — coafS* 



(4.3) 



Assuming the fields to be single- valued on the circle, neglecting the inner boundary at r = 
r and taking into account conditions (12.121) . solutions (12.1 II) respectively (|2.18l) provide a 
true extremum of the variational principle defined by 



I[e,co] = -— j dudrd(p (co a <pe a r - co ar e a ^ - 



47T 



dud<p 



(4.4) 
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5 Reduction to Wess-Zumino-Witten theory 

In all cases, BMS gauge in AdS and flat space and in Fefferman- Graham gauge in AdS 
space, the on-shell vielbeins and spin connections satisfy in particular 

d<pe r = = dcpCOy = 0, (5.1) 

which are a subset of conditions (12.121) . In an off-shell formulation, these conditions can 
be taken as (partial) gauge fixing conditions. The reduced system is then simply obtained 
by solving the constraints with those gauge fixing conditions in the action. 

Because of the form of the constraints, the analysis has to be done separately depend- 
ing on whether there is a cosmological constant or not. In the next subsection we briefly 
review the results in the AdS case along the lines of fITOl in order to better appreciate what 
happens in the flat case. Standard technical material can be found in the appendix. 

5.1 AdS case 

In the AdS case, one uses the chiral decomposition in terms of which the constraints split 
as 

dA* + (A ± ) 2 = 0, (5.2) 



(5.3) 



and the improved action is 

l[e,co] = I C [A + ] - I C [A~] -±-J d^Tr[(A+) 2 + (A") 
where 

I C [A] = - A. J dudrdcp Tr^AfAr - A r A^ - ^- J du Tr ^A u (dA + A 2 ) j . (5.4) 

The general solution to the constraints is locally given by A = G ± dG±. Taking 
into account in addition the gauge fixing conditions, which can be rewritten as 9* Af = 0, 
the general solution factorizes, 

G± = g± (u, <p)h± (r, u), (5.5) 

in terms of group elements g±,h±. At finite r = f fixed, we can assume without loss of 
generality that h±(?,u) = by absorbing h±(r,u) into g± (u, (p) . We will assume that 
this condition also holds for r = oo, 

h±(oo,u)=0, (5.6) 



as it indeed does for the gravitational solutions of interest. 
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When inserting such a solution of the constraints into the improved action, one gets the 
sum of two decoupled chiral Wess-Zumino-Witten models, I[e, to] = 1+ [g+] + I- [g-], 



I±lg±] 
where 



~2n 



± / dud(pTr\(g ± l d + g±- g ± l d-g±)g ± l d T g± 



± £r [G± ] 



T[G] = || Tr(G-'rfG) 3 . 
One can then follow IfTOl and define 
G = G^G-, 
in terms of which 

I[e,cv] ■ 



71 



gjg'+g+g- 



(5.7) 



(5.8) 



(5.9) 



kl 
2n 



dudcp Tr 



1 -i. 

n g S 
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4/ 



+ GrY) 2 ) 



kl 
2n 



r[G]. (5.10) 



After elimination of the momenta, one gets the (non-chiral) WZW action at the boundary 

r = oo, 

kl 2 r , ,. „ r i kl 



I[g] = "s^ / dud<p Tr '^"Vrty - ^r[G]. 



2/r 



(5.11) 



The equations of motions of the non-chiral theory are d + (g~ 1 d-g) = 0, with gen- 
eral solution g = k+ (x + )k- (x~ ) . It then follows directly from the Polyakov-Wiegmann 
identities that the WZW action is invariant under g — > ® + (x + )g©Z 1 (x~). The con- 
served Noether currents for the associated infinitesimal transformations Sg ± g = 8 + g — 
g6- are 



-Tr 

71 



with time components 

/J ± = 2Tr[0±/±], 1+ 



e-g-^-g 



Je ± = - Tr 

71 



(5.12) 



kl 

4:71 



d+gg~\ I- 



kl 

47T 



g^d-g. (5.13) 



As briefly recalled in the appendix, in the Hamiltonian formulation their Poisson bracket 
algebra consists of two commuting copies of an sl(2, R) current algebra, 



kl 



{If{<P),If{<p')} = e ab c I±(cp)6(<P ~ <*>') ± ^Vabtytt ~ <P')> 

{4 + (^V(^)} = o. 



(5.14) 



Alternatively, in order to better compare with the flat case, one can concentrate on 
the two chiral copies. The equations of motion are d^{g± 1 g'±) = which implies 
g± = h±(u)k± (x ± ). The analog of the Polyakov-Wiegmann identities for the chiral case 
imply invariance of the chiral theories i±[g±] undergo — > g±©± 1 (x ± ). The conserved 
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Noether currents for the associated infinitesimal transformations $e±g± 
given by 

k, 
n 



n 



k 



-Tr 



-Tr 



n 



0-g-g- 



-g±9± are 



(5.15) 



Je- = 0. 



The time-components of these currents can be written as 



(5.16) 



They agree on- shell with the current components (15.13t of the non chiral WZW theory, 
which justifies the same notation. In this case, it is their Dirac bracket algebra that forms 
the sl(2, R) current algebra given in (I5.14I ). This is shown in the appendix along the lines 
of 11201 . The chiral models are more complicated than the non-chiral theory in the sense 
that their Hamiltonian formulation involves constraints, the zero modes of which are first 
class and generate the arbitrary functions of time in the general solution to the equations 
of motion, while all other modes are second class. 

Let us briefly recall how classical conformal invariance is expressed on the level of the 
Hamiltonian formulation of the chiral models. On the constraint surface, the Hamiltonian 
and momentum densities can be written as 



n£) fl (siY±) a « ±^Jf 4- 



v 



2 l l 2 k 



kl 2 ' 



(5.17) 



By using the Dirac bracket version of (15.141 ). one gets by direct computation, 

{T^fo),^)}* = {V ± {<p)+V ± {<p'))d (p 5{<p-<p l ). 
For the energy-momentum tensor components T^ u = 'H ± 



v- 



(5.18) 



the components in light-cone 


coordinates 






T ± 
1 ++ 


12 

= ' 1 m ± + 






T±_ 


= \ («* - 




. S± ln j-ja 




= = Ti + , 







(5.19) 



satisfy 

{T± ± (<p), T± ± (<p')Y = ±l(T± ± (cp) + T£ ± tf))t'(<l> ~ <P') 
and all other brackets vanishing. 



(5.20) 
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5.2 Flat case 



In this case, taking into account that d^ojy = 0, the general solution to = is given 
by co = A~ 1 dA where A = \(u,(p)}i(r,u), and K,\l are group elements. The general 
solution to the remaining constraint 7 e = 0, which is equivalent to de + ooe + eaj = 0, 
together with the gauge fixing condition d^,e r = 0, is given by 



e = A daA, a = tx + A/3A 1 , 

where a = cc(u,(p), /3 = /3(u, r), which gives explicitly 

co r = fi d r }i, co<p — H A A ji, 

e r = ji~ 1 d r fifi, e<p = \T X (A _1 a'A + [A~ 1 A / , j6])^. 

Inserting this solution into the improved action (14.41 ) with I — > oo gives 
I[e,co] = —J dudcpTr A'A _1 a - ^(A~ 1 A / ) 2 + -T[A,a], 



(5.21) 



(5.22) 



with 



T[A,a] = J Tr (dAA^d AA' 1 da). 



(5.23) 



(5.24) 



As for the non semi-simple Lie algebra considered in 1061 , this Wess-Zumino term for 
the Poincare algebra iso(2, 1) is exact, 



Tr (rfAA _1 dAA _1 dfl) = dWr^dAA^da) 
so that, when concentrating on the boundary at r = oo, 
r[A,fl] = / dudtpTr 



AA~V - A' A~ l a 



(5.25) 



(5.26) 



Furthermore, when using the decompositions of A and a, 



Tr 



Aa - V 



Tr 



AA"V + }i}r x {X- X D<!k + A^A'jS - jSA _1 A') 

+ A^A'jS - a^A-U^) + 9 (f (A- 1 A / i 6) 

For the gravitational solutions of interest we have again 

fi(oo,u) = = fi(oo,u), 
so that only the first term survives and 



(5.27) 



(5.28) 



l{\,ix} = - f ductyTr[AA-y - ^A'A" 1 ) 2 



(5.29) 
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This action differs from the WZW action for flat gravity proposed in [29| by the potential 
energy term, which originates from the boundary term in (14.41) . 

The equations of motion are 

(AA -1 )' = 0, D" AA ~V = (A'A -1 )', (5.30) 
These equations are equivalent to the conservation laws 9^/^ = 0, 9^P ?< = where 

7° = A _ VA, J 1 = -A -1 A', P^A'A" 1 , P 1 = 0. (5.31) 

The general solution of the first equation is A = ji(u)v((p). After defining a = 
ji^ji -1 the second equation reads j' = (Vv -1 )' with general solution 7 = p{tp) + 
S(u) + wvV -1 . 

Solution space is invariant under A — > A0 _1 (^), a — > a — wA© -1 ©^ -1 and also 
under A — > S(w)A, a — > SaS -1 . The infinitesimal version of the former, 5qX = —\6, 
Sgcc = —uXO'A -1 , leave action (15.291) invariant and the associated Noether currents are 
now /$ = -£fi[tt0'A _1 A' + 0A _ VA], ]] = ^Tr[0A _1 A']. For Noether currents, 
the physically meaningful quantity is the equivalence class [J**], where f ~ JP + t^ 1 + 
9 v JfcH withf ra 0. Choosing fctH = i^Tr^A" 1 ^) andtf* = |^Tr[0(a o (A- 1 A / )], 
an equivalent representative for the Noether current is 

/° = 2Tr[0J], J = -J^[A- 1 a'A-u(A- 1 A'y], ]} = 0. (5.32) 

The action is furthermore invariant under A — > A and ol — > a + AE(^)A _1 . Associated 
infinitesimal transformations are So- A. = Q,5 a 0i = AcA -1 with Noether currents 

P° = 2Tr[ ( rP] / P = Aa^A', P* = 0. (5.33) 

As shown in the appendix, in the Hamiltonian formulation, the Dirac brackets of their 
time components satisfy the iso(2, 1) current algebra 

{P 8 (*),W)}* = 0, 

{/„(<£), P 6 (tf/)}* = e ah c P c {cp)5{cp - cp 1 ) - ^riabW(<P ~ 4), (5-34) 

{/«(^)Jfc(^)}*=c«fc7c(^W-^). 

Let us now discuss BMS3 invariance of the model. Using the Hamiltonian analysis 
that has been done in the appendix, it follows that, on the constraint surface, the Hamil- 
tonian and momentum densities are given by 

n ~*pap a/ p~_^;« Pfl . ( 5.35) 
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When using the current algebra (I5.341 i. we find 

{U{<p),U{<p')Y = Q, 

{U{<p),V{<p')Y = -<*>')/ ( 5 - 36 ) 

This is the form BMS3 invariance takes in the Hamiltonian framework. Indeed, in terms 
of modes P m = J 27r d<p e im t"U, J m = J* 71 d<p e im ^V, one finds 

i{P m ,P n } = 0, i{J m ,P n } = (m - n)P m+n , i{J m ,J n } = (m - n)J m+n . (5.37) 
When translating to the Lagrangian level, the transformations 

-<*£ = {-/Qff}/ Qff= dcp(HT + VY), (5.38) 

J 

where T = T((p), Y = Y((p), are expressed through 

- 5gA = YX', -8%et = /A'A -1 + Yet', f=T+ uY'. (5.39) 

It can then readily be checked that they leave action (15.291 ) invariant, 5^C = d^k^ and 
that the energy-momentum tensor —ft = T?' 1/ 2 rl/ = let + ^ . 8?k + ~ — Spot reads 

r v f = --13r[i(A'A- 1 ) 2 /+^ / A-VY] / T^£ v = ^-Tr^A'A" 1 ) 2 ^ . (5.40) 

Agreement with the Hamiltonian analysis follows by using T^ l v ^ v = T^ v ^ v + d p k^\ 
with fc^ ] = -^Tr [mCA'A" 1 ) 2 ^ , so that 

TVy? = <yj~13r[- i(A- 1 A / ) 2 T-A / A-VY + W (A- 1 A / )(A- 1 A / ) / y]. (5.41) 

The chiral WZW theory for flat space (I5.291 l can be understood as a flat limit of the 
sum of chiral sl(2, R) WZW theories described by I± in (15.71) . In order to take the limit 
in terms of a dimensionless parameter we replace in I± the cosmological radius I by 
l e = e~ 1 l and G± by G± involving an explicit e dependence. If we assume G± = A(l ± 
e b -f) + 0(e 2 ) with a = \h{b + + b-)A~\ we have lim e ^ 27Fi( r [G+] - T[Gt\) = 
JLT[A,a], while for the two dimensional term one gets ^T^A'A -1 ^ + AA -1 ^') as 
e — > 0. Summing up both contributions and using (15.261 ) gives the result. 



6 Reduction to Liouville 

6.1 AdS case 

Let us discuss the reduction at the level of the chiral WZW actions. 
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In Fefferman-Graham gauge, one can read from equations (13.21) that (g± 1 d±g±) T = 
1 where the superscript denotes the component along the Lie algebra element E_ respec- 
tively E+. Using in addition 9±<§"=f = 0' m i s implies me conditions (g+ 1 g'+)~ = 1 
while (gZ 1 g'-) + = 1, which correspond to fixing some of the chiral conserved current 
components in (15.151) . 

In terms of the parametrization 

g ± = e cr±E Te Ty±H e T±E ±/ (fi ^ 

actions (15.71) read 

I±[g±] =±^J dud<p[(p' ± d T (p ± -4e-^cr' ± d T T±}, (6.2) 

while the reduction conditions become e~^cr'^. = ±1. Up to boundary terms, the re- 
duced actions are the ones for chiral bosons, 

II = ±A J dud<p(cp' ± d T cp ± ). (6.3) 
In the BMS gauge, we use the parametrization 



g± 



±( ^ E - e -y±H e ±v2T ± E +f (64) 



which, when inserted into actions (15.71 ) gives the same actions (|6.2I) . The reduction con- 
ditions (f± f±)~ = then become again e~V ± <j'± = ±1 and give rise to the same 
reduced actions (|6.31 ) as in the previous gauge. 

As shown in Section |3l the sum of the chiral boson actions 

^ + I - = ^I ^ ~ l ((P ' +)2 ~ ~ l ((p - )2 ) ' (6 - 5) 

can be written in Liouville form (|3.7I ) by using transformation (13.101) . 

The reduction of the chiral models to Liouville can also be discussed in terms of the 
modified Sugawara construction. By allowed redefinitions of the currents associated to 
conformal transformations as discussed in the previous section, equivalent representatives 
for the time components can be chosen as T±± = T±± + pt^d^I^ 1 . Note that in this case, 
the spatial parts of the currents have to be modified accordingly. On the surface defined 
by the reduction constraints, the only representatives that commute with the first class 
reduction constraints Iq = — 1^\/2, !{" = (FG gauge), respectively = =F^ 

(BMS gauge) are T±± ~ T±± i Idipl^ . Being first class, these are observables of the 
reduced theory and their Dirac brackets in Liouville theory coincide, on the constraint 
surface, with their brackets in the chiral WZW models, which are explicitly given by 

{Tt±{<P), Tt±{<P')Y = ±l(Ti±(<P) + Tt±{<p')W{<P ~ <P') T ~ *')■ 

(6.6) 
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In terms of modes I± = } J 2n d<$>e ±im $P%±, this gives the standard Dirac bracket alge- 



bra 



(m — n)L 



- + ^Lm 3 $° m+n , c 



m+n 



12 



6*i = i 
2G 



i{I± # LT}*=0. 



(6.7) 



6.2 Flat case 



From equation (13.151 ) and (13.20b , the reduction conditions are 

(A -1 *') - w -== = =^P", /" « => (A-^'A)" « 0. 
v 2 fc 

In terms of the parametrization, 



V2 



V2 



the flat chiral WZW action (15.291 ) reads 

k f r 

I[cp,cr,T,t],6,Q = — J dudcpy - (6' + trrj')(p + rj'fr- 

- (t]'a 2 + 29' a - 2^)e~H - ^cp' 2 - 2a'T'e~ 
while the reduction conditions become 

o'e-f « 1, rj'cr 2 + 29' a - 2? w 0. 



(6.8) 



(6.9) 



, (6-10) 



(6.11) 



Using integration by parts and neglecting all boundary terms, the reduced action can 
be written as 



I 



47T 



dudtp £'<p — cp 



a 



(6.12) 



where £ = —2(9 + crrj). This is the centrally extended BMS3 invariant action in the form 
(13.271) . Again, as shown in Section|3l it is related to the Liouville-like form (13.231 ) through 
the transformation (13.26b . 

The analog of the modified Sugawara construction for the flat case is as follows. The 
time-components of the currents associated to BMS3 transformations may be redefined 
as U = U + ji^Pa + v a ~d$] a and V = V + p a ~d$P a + o^dfja- Note that in this case, 
the spatial parts of the currents do not need to be modified since 3qP ~ ~ 9qJ. On 
the surface defined by the reduction constraints, the only representatives that commute 
with the first class reduction constraints Jq = 0, Pq = are % ~ % + d(pP2 and 
V ~ V — 9^/2 • Being first class, these are observables of the reduced theory and their 
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Dirac brackets in BMS Liouville theory coincide, on the constraint surface, with their 
brackets in the chiral iso(2, 1) WZW like model, which are given by 

m<p),P{<p')Y = (ti(cp) + n{ ( p'))d <p 5{ ( p - <p>) - A 3 3 % _ ^ ( 6.i3) 
{P{<P),v{<P')Y = {P(<i>)+vtf))dt5(<i>-<i/). 

In terms of modes, P m = J™ d(pe im $U, J m = / d<pe imc PV , this gives the centrally 
extended BMS 3 algebra, 

i{Pm,PnY=0> 

i{Jm,PnY = {m- n)P m+n + ^m 3 S^ +n/ c 2 = 12k = — , (6.14) 
i{J m ,JnY = (m- n)J m+n + £|m 3 <$S, +B , c x = 0. 

7 A comment on zero modes 

As already stressed in [|38l . the change of variables (15 .94 is not well-defined in the zero 
mode sector. As a consequence, the equivalence of the sum of the two chiral models with 
the non-chiral theory does not hold in this sector. The same applies to the transformation 
(13.101) used in order to relate the sum of two chiral bosons with Liouville theory, and also 
to the transformation (13.261 ) that relates a free chiral boson like action to BMS Liouville 
theory. 

It then follows that asymptotically AdS or flat gravity is, strictly speaking, not equiv- 
alent to (BMS) Liouville theory, but rather to the respective chiral models. 
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A Chern-Simons formulation of gravity 

Let A = —1,0,1,2 and a = 0,1,2 and consider the flat metric t]ab — diag( — 1 — 
1,1,1). In terms of the (anti-hermitian) generators P a = j/_i fl ,/ fl |,, theso(2,2) algebra 



22 



G. Barnich, H. Gonzalez 



reads 

[Jab* Pc] = VbcPa ~ ^acPb, [Jab' Jed] = VbcJad ~ VacJbd ~ VbdJac + VadJbc 

1 ( A -D 
[Pa'Pb] = pJab- 

The three dimensional Poincare algebra iso(2, l)is obtained by keeping the generators 
Pa, Jab fixed and taking the limit of / to infinity. 

Let €q\2 = 1 and take t] ab = diag( — 1, 1,1) and its inverse to lower and raise tangent 

space indices a, b,c, In terms of f a = — \e ahc J bc -<=>■ } ab = e abc J c , the algebra 

reads 

[Ja,Jb\ = e a bcJ c , [Ja,Pb\ = e ahc V c , [P a> P b ] = p€ abc } c . (A.2) 

When neglecting boundary terms, the gravitational action in terms of dreibeins e a = 
e^dxt* and spin connection co = \co a ^ '] ab dx^ = co^] a dx^ can be written as 

S[e,a>] = ^ J d 3 xe(eU v b Rf v -2A) = J (e a R a - ±e abc e a eh c ), (A.3) 

with \R ab Jab — dco + co 2 = R a J a - We always omit the wedge product and have chosen 
the orientation for the integration of 3-forms according to d 3 x = drdudep so that the 
boundary Wess-Zumino-Witten actions come with the standard sign. The latter action is 
equivalent to the Chern-Simons action 

S[A] = -^j (A,dA + ^A 1 ), (A.4) 

where A = co a J a + e a P a , (J a ,P b ) = rj ab , {J a ,J b ) = = (P a/ P b ) and 

k=±. A=-l. (A.5) 

In order to adapt the problem to our gauge choice, we now use light-cone coordinates 
in tangent space by introducing two null vectors, 

/o 1 o\ 

10 



\l _ 
£a&\ib ?lab' ^]ab 



(A.6) 



V° V 



In the fundamental representation of si(2, R), generators satisfying j a j b = \e abc f + 
\rjabX ^(jajb) = \Vab, [ja,jb] = ^abef are given by 

i fo l\ . i fo o\ . l/l o\ , A _ 

l0= V = 2{0 0)' ]1 = ^{l 0)' ]2 = 2{0 (A - 7) 

In terms of e = eidx^j a and co = co^dx^j a , with co ah = e ahc co c , the explicit form of the 
equations of motion, the zero curvature condition F = dA + A 2 = is (12.101) . 
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The chiral decomposition ]f = \{] a ± lP a ), A ± = A ±a ]f, A a± = oo a ± }e a disen- 
tangles the algebra in terms of so (2, 1 ) © so (2, 1 ) and allows one to write the gravitational 
action (IA.3I) as the difference of two Chern-Simons terms, 

S[A+, A"] = - l ±j Vab (A^[dA+ + \{A+f] b - A-[dA~ + ^(A")f ). 

(A.8) 

It is only well-defined for non-zero cosmological constant, while all previous consid- 
erations have a straightforward flat space limit I — > oo for which so (2, 2) contracts to 
iso(2, 1). Action (IA.8I ) can be written in matrix form as 

S[A + ,A~] = l ^(S C s[A + ] -ScslA-}), S CS [A] = - A J Tr(AdA + ^A 3 ). (A.9) 

We will use coordinates r, u, (p and, in the AdS ± <p with 2d± = ld u ± fy. 

Note that the redefinition = \/2/o» ?i = —y/2ji, h = /2 gives [l m ,l n ] = {m — 
n)l m+n for m,n = —1, 0, 1 and E + = y/2jo, E_ = v2/i, H = 2/2 gives [E + , E_] = H, 
[H,E+] = 2E+, [H,E-] = -2E_ and 

e [*E+,.] E _ = £_ + x h - x 2 E +/ e^+'^H = H — 2xE+, 

e ly E ->-]£ + = £ + — yH — y 2 E-, e^ E -'^H = H + 2yE_, (A.10) 

B Wess-Zumino-Witten theories 
B.l Generalites 

For the two dimensional Wess-Zumino-Witten theories, we will use coordinates u, (p with 
rjuv = diag( — 1, 1 2 ) and e ? ' v determined by e 01 = 1. In the light-cone basis, we have 
77" 1 = — j| = t] h and = = 7/ , while e" 1 = — j. 

For factorized group elements G = g((p,u)h(r,u) satisfying h(oo,u) = 0, we have 
d±GG~ 1 = —(d±gh + \gft)h~ X g~ X = —d±gg~ x . With only the boundary at r = oo 
one has for the Wess-Zumino-Witten term T[G] defined in (15.81) 

ST[G] = \j dudcpTr^Sgg^gg-^gg- 1 ), (B.l) 

with e 01 = 1 and where we have assumed that 5G = Sgh. Furthermore 



T[G- 1 G 2 ]=T[G- 1 }+T[G 2 } + 

+ j J dudtpTrld-gig^d^g^ 1 - d+gig^d-g 2 g2 \ (B.2) 
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while the WZW action defined in (15.1 II) satisfies the Polyakov-Wiegmann identities 



Ilg^h] = Ilg' 1 } + I[h] - -J dudtpTr d-GG~ r d + HH~ l 



(B.3) 



Under the same assumptions, for the chiral Wess-Zumino-Witten theories defined in 
(15.71) we get instead, 

I±\g± l h ± ] = I ± \g± l ] + I ± [h ± ]T 



k 



dud(pTr\(d + G±G± 1 - d-G±G± 1 )d^H±H± 1 



r— >co 



(B.4) 



(B.5) 



B.2 Group elements and Poisson brackets 

Introduce local coordinates £ fl on the group manifold. We have 

g-'dg = e a j a/ e a = M a h {c)d£ b , de a = -\e a bc e b e c , 

dgg^ = K a j a , K a = N a b (Od?, dK a = \e a hc K b K C , 

where 

N a b = K a c M c b , K\ = TTr{fgj c g- 1 ), K~ lac = TT^fg^fg) = K ca , 
eJiK-'Y^K-y, = eJ{K- l Y f , (B.6) 

e ah e {K- l )\{K- l )\ = e cd f (K- l )f e . 
Locally, 

r[G] = i J dudcp e^B ab d }l Cd v ?, B ab (0 = -B ba (0- (B.7) 
Let H abc = d a B bc + (cyclic a, b, c). From the variation of T, one has 

H,„c = jTr(g-'^[g-^,g-'|]) = 1m Vi m' % 

Consider the canonical momenta tj = t] a j a , {^{fyrVhW)} — ~ <P') an d define 

71 = — rj b (M~ 1 ) b J a , the Poisson brackets are 

{g(<p) f n a (<p')} = -g(<p)j a 5( ( p- ( p , ) r 

{n a {<p), n b {<p')} = e ab c n c {<p)5{<p - <p'), (B.9) 

{(ff"V)«(*)/ M<P')} = e ah c {g- l g')c{<P)5{<P ~ <P') ~ riahWtt ~ <p')- 
Similarly, with p = t] b (N~ 1 ) b a f, 

{g(<P),Pa(<p')}=iag(<p)5(<p-<p'), 
{Pa{<P),Pb{<p')} = e ah c p c {<p)5{<p - <p'), 

{{g'g~ l )a{<P),Pb{<p')} = eab'ig'g' 1 )^)^ - <P') + tlabWif ~ <P% 

{n a {<p),p b {<p')} = Q. 



(B.8) 
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B.3 Current algebra of the non-chiral WZW theory 

In local coordinates, the Lagrangian density for the non-chiral WZW action is given by 

= M ab M\(C b C e ~ ^ b 'n - jB ab £ a C h '. (B.ll) 
The relation between canonical momenta rjg and velocities is 

^^=^ M "^»-V'>- <B - i2) 

Defining v c = r] c + j^B cb ^ b ' , we have 

kl 

{v a (<t>)M<t>')} = -^H abc C c/ (cp)S(cp - <p'). (B.13) 

The Hamiltonian is 

H = ^{M^Y^M-^VaVc + ^-M ha M h C C . (B.14) 

In terms of the improved momenta n B = — v b (M~ 1 ) b J a ~ — ^g~ l g, the Poisson 
brackets are the same as in (IB .91 ) with n replaced by n B , except for 

{n B a (cp),n B b (<p')} = e ab \n B - ^;(rV)c)(*)*(* ~ 4>' ), (B.15) 
while the first order action principle can be written as 

I H = - / dudtpTr [27TV 1 * + ^(rV) 2 + %(n B f] - ^r[G]. (B.16) 

The current components I_ of (15.131) are given on-shell by I- ~ n B + M^g^g' so that 
J d(p'2Tr[I-9-] is the canonical generators of the symmetry transformation 5g = —gO-. 
Evaluating the Poisson brackets then leads to (|5.14l) for I_ . 

Defining p B = v b {N~ x ) h a f . Since in (iBTTT) and dBTTH) one can replace M a b by 
N a b , we have p B ~ ^gg~ l - The Poisson bracket are as in (IB . 1 01 ) except for 

{p B a{<P\pM)} = e ah c {p B c - ^{g'g- l )c){<P)5{<P ~ <*>')• (B-17) 

On shell 1+ of (15.131) is now given by I + « p B + ^g'g' 1 so that J dtp'ZTr[I + 6 + ] is the 
canonical generators of the symmetry transformation Sg = 0+g. Evaluating the Poisson 
brackets then leads to (15.141) for I + . In the same way, one then establishes that the left 
and right current components have vanishing Poisson brackets. 
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B.4 Current algebra of the chiral models 

Since a different parametrization for the right and left group elements will be useful, we 
will use £± in what follows. The local Lagrangian densities are 

877 1 

= ±{g- ± 1 g'±)a{g± 1 g±) a - yfeiV ± )«feiV ± ) B ± 4B±C« ± g. (B.18) 

The canonical momenta are related to the velocities through 

3£± , M 



Defining 



we now have 



^ = ^ T Ir"^'' (B - 20) 

{viitUt (<*>')} = ±^*4£(*W - ¥1 (B.21) 

with Poisson brackets of variables associated to different chiral copies all commuting. In 
terms of the improved momenta n B± = —v^{M~^)*± a j a , the Poisson brackets are as in 
( IB .91 ) for each copy except for 

TTffo' )} = ^ C (7T C B± ± ^(*iy ± )c)(*)*(* "^). (B-22) 

The primary constraints can be written as 

kl 

<P± = n B ± ± Tr-g± l g'± « 0. (B.23) 

O/T 

Consider then 

J± = ^± ~F ^iVi- (B-24) 

O/T 

They agree on the constraint surface with the time components of the conserved currents 
(15.161) , I± ~ -f^g± 1 g'±- Furthermore, J d(p' 2Tr[I±9±] are the canonical generators 
of the symmetry transformations $e±g± — ~g±9±- The components of I± satisfy the 
current algebra (15.141 ) in the standard Poisson bracket and have weakly vanishing Poisson 
brackets with the constraints, i.e., they are first class, 

{I? = e ah c cpt(cp)5(cp - iff). (B.25) 

This proves the result on the Dirac brackets of the chiral currents. 

Defining = vf {^± 1 ) b J a , the Poisson bracket are as in (|B.1Q1 ) except for 

{ptHtipFW)} = ^ c (p c B± ± ^(g'±g±mm<p - *')■ (b.26) 
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Since pf « = ±J| ({g'±g± l )bN h ± a + 4B^C±) . the primary constraints can be 

written as 

H 

?± = l4 T ^Z8±8± « 0. (B.27) 
They satisfy the current algebra 

f^)} = e ah c ipf{<p)5{<p - <p') =F -^riabWtt ~ <*>')• (B.28) 

In terms of this representation of the constraints, 

{7 fl ± (^),^ ± (f)}=0. (B.29) 

It follows from (IB.28I) that the zero modes = J Q 27T are first class constraints 

that generate the arbitrary function of u in the general solution to the equations of motion, 
while all other modes are second class constraints. 

The chiral Hamiltonians are 

k 



J d(pTr[g± 1 g , ± g± 1 g' ± ] + / d<p2Tr[v ±( p ± }, 



k 

An 



(B.30) 



where u± = u±j a , v± = v±j a contain the Lagrange multipliers. Taking the Poisson 
bracket with the primary constraints shows that there are no secondary ones. 

B.5 Current algebra of the flat model 

Locally, 

^-C = t b N a b a> a - ^N%N ac C b 'C c \ (B.31) 
and so, if t] a , co a are the momenta conjugate to £ fl , a a , the primary constraints are 

Va ~ ^ Nb A> u a w 0. (B.32) 
The primary constraints can be written as 

ip = p- ~ 0, to « 0. (B.33) 
Up to zero modes, they are second class since their algebra is 

$b{<p')} = e a bPc5{<p-<p'), 

{rp a {cp),co h {cp')} = —Vab^iip-ip'), (B.34) 
{w a {<p),w h {<p')} =Q. 
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Consider 

P = X~ 1 coX+ — A'U', 

2tt (B.35) 

/ = -A" VA + uP' = tz + uP 1 . 

On the constraint surface, they agree with the time components of the Noether cur- 
rents. Furthermore, J dtp'lTr [Per], J d(p'TTr[J9] are the canonical generators of the 
infinitesimal symmetry transformations, 8 a k = 0, 8 a ct = AcrA -1 and 5qA = —A9, 
Sqcz = —uXQ'X~ x . 

They have weakly vanishing Poisson brackets with the constraints, 

{J(<p),xp h {<p')} = u{\-\iv,j h ]\5{<p-<p'))', {J(4>),tv b ((p')}=0, 

and by direct computation, one finds that their Poisson brackets, and thus also their Dirac 
brackets, form the iso(2, 1) current algebra given in (15.34b . 

The Hamiltonian of the model is 

H= ^- J d^Tr^A-U'A" 1 ] + J d(p2Tr[uip + vco}. (B.37) 
Again, there are no secondary constraints. 
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